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Abstract
In this work, we improve the lower and upper bounds obtained by Zhang and Luo [X. Zhang, R. Luo,
Upper bound for the non-maximal eigenvalues of irreducible nonnegative matrices, Czechoslovak Math. J.
52 (127) (2002) 537–544] for the nonmaximal eigenvalue λn−1(A) of a symmetric positive matrix.
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1. Introduction
In this work, we always let A = [aij ] ∈ Rn,n be a symmetric positive matrix with a positive
Perron vector
u = (u1, u2, . . . , un)T, uTu = 1.
We arrange the eigenvalues of A in the non-increasing order:
ρ(A) = λn(A) > λn−1(A)  · · ·  λ1(A),
where ρ(A) denotes the spectral radius of A.
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In many applications, such as finite Markov chains, algebraic connectivity of graphs, and
convergence rates of iterative methods, one needs bounds for λn−1(A). Recently, some new
bounds, so called Cheeger-type bounds, were established (cf. [1–7]). In particular, a lower and
an upper bound for λn−1(A) is given by Zhang and Luo [1]. Precisely, letting M be a nonempty
subset of N = {1, 2, . . . , n} and |M| be the cardinality of the set M, and denoting by
η(M,A, u) =
∑
i∈M,j /∈M aijuiuj
|M|(n − |M|) , η(A, u) = min0<|M|<n η(M,A, u). (1)
Zhang and Luo proved in [1] that
ρ(A) − n
u2
η(A, u)  λn−1(A)  ρ(A) − 2
u¯2
η(A, u),
where u = min{ui : 1  i  n}, u¯ = max{ui : 1  i  n}.
This work is organized as follows. In Section 2, we improve the results of Zhang and Luo, and
present the sharp lower and upper bounds for the nonmaximal eigenvalue λn−1(A) of a symmetric
positive matrix. Numerical examples are presented in Section 3.
2. Main results and their proofs
Throughout this paper, we let q(A) be an upper bound for λn−1(A) and denote by
c(A) = max
{
ρ(A) max
i,j
uiuj
aij
− 1, q(A)
ρ(A) − q(A)
}
.
We also define
Ac = A − ρ(A)1 + cuu
T, for c > c(A). (2)
Under the condition of c > c(A), Ac is the positive matrix. In fact, under the condition of
c > c(A), we have
1 + c > ρ(A) max
i,j
uiuj
aij
, ∀i, j
that is,
aij >
ρ(A)
1 + cuiuj , ∀i, j
i.e.,
A >
ρ(A)
1 + cuu
T,
which means Ac > 0.
The method will only be applicable if Ac is a positive matrix and this can only be the case if
A is itself a positive matrix. If ai,j = 0 for some i, j then there is clearly no finite c for which
Ac > 0.
Furthermore, it is easily known that the eigenvalues of Ac are given by
cρ(A)
1 + c , λn−1(A), . . . , λ1(A).
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Noticing that c > c(A), which implies that c > q(A)
ρ(A)−q(A) , i.e.,
cρ(A)
1+c > q(A)  λn−1(A), hereby,
we obtain lightly λn−1(A) = λn−1(Ac) and
ρ(Ac) = cρ(A)1 + c . (3)
First, we give some lemmas which will be useful in the proofs of our results.
Lemma 2.1 [2]. Let q(A) be an upper bound for λn−1(A). If c > c(A) satisfies q(Ac) < q(A),
then q(Ac) is an improved bound for λn−1(A), in the sense that λn−1(A)  q(Ac) < q(A).
Lemma 2.2. Let p(A) be a lower bound for λn−1(A). If c > c(A) satisfies p(Ac) > p(A), then
p(Ac) is an improved bound for λn−1(A), in the sense that
p(A) < p(Ac)  λn−1(A).
Proof. By virtue of the fact that,
λn−1(A) = λn−1(Ac) for c > c(A).
We derive that
p(A) < p(Ac)  λn−1(Ac) = λn−1(A),
which is the desired results. 
To state our main results and give their proofs, we first define
H(A, u) = max
0<|M|<n η(M,A, u),
γ (M, u) =
∑
i∈M,j /∈M u2i u2j
|M|(n − |M|) , γ (u) = max0<|M|<n γ (M, u), (4)
and assume that M1 is the nonempty subset of N, where the minimal value of η(M,A, u) is taken
and M2 is the nonempty subset of N, where the minimal value of η(M,Ac, u) is taken, that is
η(A, u) = η(M1, A, u), η(Ac, u) = η(M2, Ac, u). (5)
Following, main results and its proofs are given.
Theorem 2.1. Let q(A) = ρ(A) − 2
u¯2
η(A, u) be an upper bound for λn−1(A). If
γ (u) <
u¯2
2
, (6)
then an improved upper bound for λn−1(A) is given by q(Ac) for any c > c(A).
Proof. It follows from (4) and (6) that
γ (M, u) <
u¯2
2
, for any nonempty subsets M ⊂ N.
Therefore, for any nonempty subsets M ⊂ N , we have
cρ(A)
1 + c −
2
u¯2
[
η(M,A, u) − ρ(A)
1 + cγ (M, u)
]
< ρ(A) − 2
u¯2
η(M,A, u). (7)
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Another, in view of (1), (2) and (4), we derive
η(M,Ac, u)=
∑
i∈M,j /∈M
(
aij − ρ(A)1+c uiuj
)
uiuj
|M|(n − |M|)
=η(M,A, u) − ρ(A)
1 + cγ (M, u). (8)
Relations (3), (7) and (8) show that for any nonempty M ⊂ N ,
ρ(Ac) − 2
u¯2
η(M,Ac, u) < ρ(A) − 2
u¯2
η(M,A, u). (9)
Hence, combining (5) with (9), we obtain
q(Ac)=ρ(Ac) − 2
u¯2
η(Ac, u)
=ρ(Ac) − 2
u¯2
η(M2, Ac, u)
<ρ(A) − 2
u¯2
η(M2, A, u)
ρ(A) − 2
u¯2
η(M1, A, u)
=ρ(A) − 2
u¯2
η(A, u)
=q(A).
It follows from Lemma 2.1 that the conclusion of Theorem 2.1 is true. 
Theorem 2.2. Let p(A) = ρ(A) − n
u2
η(A, u) be a lower bound for λn−1(A). If
γ (M1, u) >
u2
n
,
and the maximal value of η(M,Ac, u) is flat taken at M1, i.e.,
H(Ac, u) = η(M1, Ac, u),
then an improved lower bound for λn−1(A) is given by p(Ac) for any c > c(A).
Proof. Since γ (M1, u) > u
2
n
, we can obtain the following equivalent inequality
cρ(A)
1 + c −
n
u2
[
η(M1, A, u) − ρ(A)1 + cγ (M1, u)
]
> ρ(A) − n
u2
η(M1, A, u). (10)
By virtue of (3), (8) and (10), we immediately infer
ρ(Ac) − n
u2
η(M1, Ac, u) > ρ(A) − n
u2
η(M1, A, u). (11)
On the other hand, taking into account that
η(M1, Ac, u) = H(Ac, u) = max
0<|M|<n η(M,Ac, u),
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we easily derive
η(M1, Ac, u)  η(M,Ac, u), for any nonempty subsets M ⊂ N.
In view of this relation, from (11), it follows that for any nonempty subsets M ⊂ N ,
ρ(Ac) − n
u2
η(M,Ac, u)ρ(Ac) − n
u2
η(M1, Ac, u)
>ρ(A) − n
u2
η(M1, A, u).
which implies that
ρ(Ac) − n
u2
η(M2, Ac, u) > ρ(A) − n
u2
η(M1, A, u),
that is
p(Ac) > p(A).
Applying Lemma 2.2, we finish the proof of Theorem 2.2. 
3. Numerical examples
Example 3.1. Let
A =
(
3
√
3√
3 1
)
.
Then ρ(A) = 4 and u =
(√
3
2 ,
1
2
)T
. It is easily verified that 316 = γ (u) < u¯
2
2 = 38 . Therefore, we
can use Theorem 2.1 to obtain an improved upper bound for the nonmaxmal eigenvalue. In fact,
we can compute η(A, u) = 34 , so q(A) = 2, c(A) = 1. Hence, we may take c = 3, whence
Ac = 34
(
3
√
3√
3 1
)
.
By computing, we easily have ρ(Ac) = 3, η(Ac, u) = 916 , thus
q(Ac) = 32 .
It is obvious that q(Ac) = 32 is more accurate than q(A) = 2.
Example 3.2. Let
A =
(
1
√
2√
2 2
)
.
Then ρ(A) = 3 and u =
(√
3
3 ,
√
6
3
)T
. It is easily known that M1 = {1}, so 29 = γ (M1, u) > u
2
2 =
1
6 . Now we get η(A, u) = 23 . So
p(A) = −1, q(A) = 1, c(A) = 1.
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If we take c = 2, which implies
Ac = 23
(
1
√
2√
2 2
)
.
We verify that H(Ac, u) = η(M1, Ac, u) = 49 . Hence we can use Theorem 2.2 to get an more
accurate lower bound for the nonmaxmal eigenvalue. In fact,
p(Ac) = −23 ,
which is more exact than p(A) = −1.
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